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Conventional fault-tolerant quantum error-correction schemes require a number of extra qubits that
grows linearly with the code’s maximum stabilizer generator weight. For some common distance-three
codes, the recent “flag paradigm” uses just two extra qubits. Chamberland and Beverland (2018)
provide a framework for flag error correction of arbitrary-distance codes. However, their construction
requires conditions that only some code families are known to satisfy.
We give a flag error-correction scheme that works for any stabilizer code, unconditionally. With
fast qubit measurement and reset, it uses d+ 1 extra qubits for a distance-d code.
I. INTRODUCTION
In quantum error correction, errors are diagnosed by
measuring the code’s check operators. The measure-
ment circuits themselves are faulty. One way to measure
the syndromes fault tolerantly is to prepare some extra
qubits in a special state, then couple these ancillas to the
data qubits. Conventional fault-tolerant error-correction
schemes [Sho96, Ste97, Kni05, DA07] need as many an-
cillas as the maximum stabilizer generator weight. The
“flag method” [CR18b, CR18a], however, requires only two
ancilla qubits for common distance-three codes. Cham-
berland and Beverland [CB18] have generalized the flag
idea to arbitrary-distance codes. Here, we give an explicit,
ancilla-efficient flag fault-tolerant error-correction scheme
that unconditionally applies to arbitrary stabilizer codes.
Figure 1 compares the flag method to the Shor [Sho96]
and DiVincenzo-Aliferis decoding [DA07] methods. In
the flag method, the syndrome is extracted into a single
ancilla, on which one gate failure can spread to two or
more errors on the data. To fix this problem, the syn-
drome ancilla is protected with a flag gadget. The flag
measurement signals the possible occurrence of any cor-
related errors. Provided that the flag circuit is carefully
designed, the possible errors are distinguishable by their
syndromes and so can be corrected.
Flag error-correction schemes have been given for
several code families: Hamming codes [CR18b], ro-
tated surface and Reed-Muller codes [CB18], color
codes [CB18, Rei18, BCC+19, BXG+19, CKYZ19], cyclic
CSS codes [TCL18], and heavy hexagon and square
codes [CZY+19]. Flag-based schemes have been proposed
also for error detection [Vui18], logical state prepara-
tion [CC19, SCC19] and lattice surgery [GMB19, LA19].
In particular, Chamberland and Beverland [CB18] have
formalized the flag idea for error correction and extended
it to arbitrary-distance codes. For a distance-d code,
they have shown how to construct a flag error-correction
protocol, provided that the “detectability” and “distin-
guishability” requirements are satisfied. (Detectability
requires that each stabilizer generator is measured with a
flag circuit that signals whenever s ≤ ⌊d−12 ⌋ faults result
in more than s data errors. Distinguishability requires
that any two data error patterns, each arising from at
most
⌊
d−1
2
⌋
faults spread among the stabilizer generators’
flag circuits and resulting in same flag pattern, either
have distinct syndromes or differ by a stabilizer.)
Here, we provide a flag error-correction scheme that ap-
plies to any stabilizer code, unconditionally. In particular,
the circuit construction relies only on the code’s distance
and maximum stabilizer generator weight. The key idea
is that harmful faults can be approximately located from
the observed flag pattern and then corrected right away,
before they propagate to correlated data errors. For a
distance-d code, the scheme requires one syndrome ancilla
and d flag ancillas, d+ 1 extra qubits total. No further
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FIG. 1. Different fault-tolerant methods for measuring X⊗4.
(a) Shor’s method. Prepare a four-qubit cat state and then
detect correlated errors using an extra ancilla qubit (red).
Apply subsequent transversal gates to the data only when the
detection outcome is trivial. (b) DiVincenzo-Aliferis decod-
ing method. Couple the data qubits with an unverified cat
state. Then apply the decoding circuit (red) followed by qubit-
wise measurements, the outcomes of which give the syndrome
and information about potential correlated data errors. This
method has been extended to measure an arbitrary-weight sta-
bilizer of a distance-three code [CR18b, Supp. Mat.]. (c) Flag
method. Extract the syndrome into an ancilla qubit, which
is protected by a flag gadget (red). A single fault, e.g., X,
on the syndrome ancilla can propagate into correlated data
errors, e.g., X⊗2. Such correlated errors are signaled by a
nontrivial measurement outcome on the flag ancilla, and can
be diagnosed using subsequent syndrome measurements.
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2Adaptive Non-adaptive
Slow dw/2e for d = 3 [CR18b]
qubit None O(logw) for d = 3 [PR19]
reset dw/2e+O(1) for d = 5 [PR19]
Fast O(1) for many codes Ω(w) [Sho96, Ste97, Kni05]
reset [CR18b, CB18, TCL18] d+ 1 for all d (Sec. III)
TABLE I. Numbers of ancilla qubits for different error-
correction schemes. Here, d is the code distance and w
is the maximum stabilizer generator weight. In [CR18b,
CB18, TCL18], flag patterns can only detect or reveal par-
tial information about the correlated data errors; adaptive
syndrome measurement is further needed for full correction.
In [Sho96, Ste97, Kni05], correlated data errors cannot occur
due to ancilla verification. In the other schemes in the table,
syndrome-measurement circuits can be scheduled determinis-
tically; (flag) ancilla patterns provide enough information to
correct correlated errors.
qubits are needed, provided that the ancillas can be reset
rapidly, in time comparable to a gate operation.
Different fault-tolerant error-correction schemes are
summarized in Table I. Unlike Shor’s and similar schemes,
our procedure does not verify the ancillas; no postselec-
tion is needed. Unlike previous flag schemes, ours is
non-adaptive, in the sense that the flag measurement
outcomes alone provide enough information to correct
correlated errors; no extra syndrome measurement is
required. Prabhu and Reichardt [PR19] have recently
provided new flag error-correction schemes that apply
to arbitrary distance-three and -five codes, and require,
respectively, O(logw) and O(w) ancilla qubits, where w is
the maximum stabilizer generator weight. Their schemes
are also non-adaptive but allow slow qubit reset; each
ancilla qubit is measured only once at the end.
II. FAULT-TOLERANCE DEFINITIONS
We restrict to codes with odd distance d = 2t + 1.
Faults can occur in elementary operations: single-qubit
preparations and measurements, single- and two-qubit
gates, and idle positions.
Definition 1 ([AGP06, Got10]). An error-correction pro-
tocol is d-fault-tolerant (d-FT) if it satisfies
1. If the input has r errors and the protocol has s faults
with r + s ≤ t, then the output is correctable by perfect
decoding.
2. If the protocol has s faults with s ≤ t, then the output
is at most s errors away from some codeword.
Our protocol measures one stabilizer generator at a
time, like the schemes in Fig. 1. The flag circuit uses one
syndrome ancilla and one or more flag ancillas. If there
are no faults, measuring the syndrome ancilla gives the
syndrome, and the flag ancilla measurement outcomes
will be trivial.
Definition 2. A flag syndrome-measurement circuit is
d-FT if any k ≤ t faults result in at most k data errors,
after corrections based on the flag pattern.
For example, the circuit in Fig. 1(b) is 3-FT for a
weight-four stabilizer. An important observation is that
one can construct a d-FT error-correction protocol by
measuring one stabilizer generator at a time, each using
a d-FT flag circuit. Indeed, d-FT circuits automatically
guarantee condition 1 of Def. 1. One way to achieve
condition 2 is to keep measuring the syndromes until the
same syndrome repeats consecutively a certain number
of times without flags being triggered [Sho96].
Notice that Def. 2 is stronger than that of a t-flag circuit,
introduced by [CB18], which guarantees a nontrivial flag
pattern whenever s ≤ t faults result in more than s errors.
(In particular, [CB18] gives a scheme for constructing a
2-flag circuit that requires five ancilla qubits; and gives
a conjectured scheme for constructing a general t-flag
circuit that requires w ancilla qubits.)
Denote by |f | the Hamming weight, and by f ⊕ g the
bitwise XOR, of binary strings f and g. Single-qubit
measurements in diagrams are all in the Z basis (|0〉, |1〉).
III. SYNDROME MEASUREMENT FOR
ANY STABILIZER CODE
In this section, we present a flag circuit that measures
a stabilizer of an arbitrary distance-d code. Without loss
of generality, we may take the stabilizer to be X⊗w.
Figure 2 illustrates the construction. A syndrome an-
cilla, initialized in |+〉, is coupled to the w data qubits
with CNOT gates. Each of these CNOT gates is protected
by a different set of d− 1 flags. Between CNOT gates to
the data, the flags are carefully transitioned—with flag j
for the next CNOT turned on just before flag j for the
previous CNOT is turned off, for j ∈ [d − 1]—so that
there are always either d− 1 or d active flags, except at
the very beginning and end. Observe that with fast qubit
reset, this construction requires at most d flag ancillas, so
d+ 1 ancilla qubits total.
Conjecture 3. With appropriate correction rules based
on the flag pattern, the procedure of Fig. 2 is d-FT.
A stronger statement might also hold. Based
on computer analyses of circuits for d ∈ {3, 5, 7}
(see Appendix A), it appears that the data CNOTs
toward the beginning or end require fewer flags:
0, 1, 2, . . . , d− 2, d− 1, d− 1, . . . , d− 1, d− 2, . . . , 2, 1, 0
flags instead of always d − 1 flags. The first and
last data CNOTs require no flag protection because
a syndrome-ancilla fault immediately before or after
these gates can propagate to an error of weight only 0
or 1. Moving toward the middle, the number of flags
needed then steadily increases up to a maximum of d− 1.
Figure 3 shows an example, with w = 10 and d = 5.
However, we will not attempt to prove Conjecture 3.
Instead, in order to simplify the correction rules’ boundary
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X
<latexit sh a1_base64="NhW4X+K8kGf sx5xHHSjUbDt8UB4=">AAA Ha3icbVXbbttGEGXS1krVW 9K8NX2gSxhIHVkgZQfNQxA 4cC8pUCMuYjsGvIKxXI3oh cklvbuMJSz2O/raflY/ov/ QWVJSRFIECSzPnD1nZjgk4 yLlSofhv/fuf/LpZ1u9B5/ 3v/jyq6+/efjo23OVl5LBG cvTXF7EVEHKBZxprlO4KCT QLE7hfXxz5OLvP4BUPBene l7AOKOJ4FPOqEZoTCoFI2F i+xdXD4NwGFaH311Ei0Vw6 NXHydWjrTdkkrMyA6FZSpW 6jMJCjw2VmrMUbJ+UCgrKb mgCpnKy/g5CE3+aS7yE9iu 0waOZUvMsRmZG9bVqxxy4K XZZ6umLseGiKDUIVhtNy9T Xue8K9ydcAtPp3KeMYb4l1 ZgHu6aSMo0N6jeMEkmLa85 mWAIXLC0nYG4Zl6zkGiEBd yzPMiomhmgqk7KwZteQ2dy 8DCEb4PVq11ifUOkfGn/Pt /6zl8ODRWQd3tsMP6tkXKj FruB9hO1gFyVf4IpMZWZyS 0BMZnP0vL2z/R0ioZ2jXaW KlU5gSm5A+0FkCE6HWxBJR VI9MxeMJa2CaQW6sKPZ1c4 6HoyMuzFBZMm222OCkV2QV BlXCttXuHl7AdJY1bIr0zV Zkcusjp4vo+d19GfA6ZJwj M/8bQGSahxZoqU1p9LuGJI vMEEzcJCrcL38mIs84zS1l 6OxwUapUoKbH3SCqX5KYki 4MDhZaYqw5DMbRD4hfjDyX VsbESJ5cq1/bHmQQhr0mfr mxC4bUKSUQdWkYN+QTOFog esPyegNxPnssnpVsO1cuVs T7FvXSLuk7lW9bExlofQe poJoZYGvfP36HtE5CAHWyC S2Jhw+H4SD0DY5x3wiXOpL kqMMn7dIJ2mZNVU6lFPARq 40HKlDOUpzfKxNUjsbKvNc tKxGbaG3DKhY0xltcjvFEQ XJV+VHGw3faUnvYpBy/pG2 QexXkB+zqu06Uq9vS9ooLm oXlyvValGntOMcPz3r9Vdu LdIfkK2aFA2ibiY4KZImpW oIdXV+w69ZczraKf8uV0bD /UF1dhoIsHzww4NBdbYovy QJDr1YjpiraBgOOj1+R9P1 smol/PdE7T9Nd3E+GkbhMP rzIDjcXfyFHnhPvB+8p17k /eQdem+8E+/MY96t95f3t/ fP1n+9x73vet/X1Pv3Fnse e42jt/M/DSWC4g==</late xit><latexit sh a1_base64="NhW4X+K8kGf sx5xHHSjUbDt8UB4=">AAA Ha3icbVXbbttGEGXS1krVW 9K8NX2gSxhIHVkgZQfNQxA 4cC8pUCMuYjsGvIKxXI3oh cklvbuMJSz2O/raflY/ov/ QWVJSRFIECSzPnD1nZjgk4 yLlSofhv/fuf/LpZ1u9B5/ 3v/jyq6+/efjo23OVl5LBG cvTXF7EVEHKBZxprlO4KCT QLE7hfXxz5OLvP4BUPBene l7AOKOJ4FPOqEZoTCoFI2F i+xdXD4NwGFaH311Ei0Vw6 NXHydWjrTdkkrMyA6FZSpW 6jMJCjw2VmrMUbJ+UCgrKb mgCpnKy/g5CE3+aS7yE9iu 0waOZUvMsRmZG9bVqxxy4K XZZ6umLseGiKDUIVhtNy9T Xue8K9ydcAtPp3KeMYb4l1 ZgHu6aSMo0N6jeMEkmLa85 mWAIXLC0nYG4Zl6zkGiEBd yzPMiomhmgqk7KwZteQ2dy 8DCEb4PVq11ifUOkfGn/Pt /6zl8ODRWQd3tsMP6tkXKj FruB9hO1gFyVf4IpMZWZyS 0BMZnP0vL2z/R0ioZ2jXaW KlU5gSm5A+0FkCE6HWxBJR VI9MxeMJa2CaQW6sKPZ1c4 6HoyMuzFBZMm222OCkV2QV BlXCttXuHl7AdJY1bIr0zV Zkcusjp4vo+d19GfA6ZJwj M/8bQGSahxZoqU1p9LuGJI vMEEzcJCrcL38mIs84zS1l 6OxwUapUoKbH3SCqX5KYki 4MDhZaYqw5DMbRD4hfjDyX VsbESJ5cq1/bHmQQhr0mfr mxC4bUKSUQdWkYN+QTOFog esPyegNxPnssnpVsO1cuVs T7FvXSLuk7lW9bExlofQe poJoZYGvfP36HtE5CAHWyC S2Jhw+H4SD0DY5x3wiXOpL kqMMn7dIJ2mZNVU6lFPARq 40HKlDOUpzfKxNUjsbKvNc tKxGbaG3DKhY0xltcjvFEQ XJV+VHGw3faUnvYpBy/pG2 QexXkB+zqu06Uq9vS9ooLm oXlyvValGntOMcPz3r9Vdu LdIfkK2aFA2ibiY4KZImpW oIdXV+w69ZczraKf8uV0bD /UF1dhoIsHzww4NBdbYovy QJDr1YjpiraBgOOj1+R9P1 smol/PdE7T9Nd3E+GkbhMP rzIDjcXfyFHnhPvB+8p17k /eQdem+8E+/MY96t95f3t/ fP1n+9x73vet/X1Pv3Fnse e42jt/M/DSWC4g==</late xit><latexit sh a1_base64="NhW4X+K8kGf sx5xHHSjUbDt8UB4=">AAA Ha3icbVXbbttGEGXS1krVW 9K8NX2gSxhIHVkgZQfNQxA 4cC8pUCMuYjsGvIKxXI3oh cklvbuMJSz2O/raflY/ov/ QWVJSRFIECSzPnD1nZjgk4 yLlSofhv/fuf/LpZ1u9B5/ 3v/jyq6+/efjo23OVl5LBG cvTXF7EVEHKBZxprlO4KCT QLE7hfXxz5OLvP4BUPBene l7AOKOJ4FPOqEZoTCoFI2F i+xdXD4NwGFaH311Ei0Vw6 NXHydWjrTdkkrMyA6FZSpW 6jMJCjw2VmrMUbJ+UCgrKb mgCpnKy/g5CE3+aS7yE9iu 0waOZUvMsRmZG9bVqxxy4K XZZ6umLseGiKDUIVhtNy9T Xue8K9ydcAtPp3KeMYb4l1 ZgHu6aSMo0N6jeMEkmLa85 mWAIXLC0nYG4Zl6zkGiEBd yzPMiomhmgqk7KwZteQ2dy 8DCEb4PVq11ifUOkfGn/Pt /6zl8ODRWQd3tsMP6tkXKj FruB9hO1gFyVf4IpMZWZyS 0BMZnP0vL2z/R0ioZ2jXaW KlU5gSm5A+0FkCE6HWxBJR VI9MxeMJa2CaQW6sKPZ1c4 6HoyMuzFBZMm222OCkV2QV BlXCttXuHl7AdJY1bIr0zV Zkcusjp4vo+d19GfA6ZJwj M/8bQGSahxZoqU1p9LuGJI vMEEzcJCrcL38mIs84zS1l 6OxwUapUoKbH3SCqX5KYki 4MDhZaYqw5DMbRD4hfjDyX VsbESJ5cq1/bHmQQhr0mfr mxC4bUKSUQdWkYN+QTOFog esPyegNxPnssnpVsO1cuVs T7FvXSLuk7lW9bExlofQe poJoZYGvfP36HtE5CAHWyC S2Jhw+H4SD0DY5x3wiXOpL kqMMn7dIJ2mZNVU6lFPARq 40HKlDOUpzfKxNUjsbKvNc tKxGbaG3DKhY0xltcjvFEQ XJV+VHGw3faUnvYpBy/pG2 QexXkB+zqu06Uq9vS9ooLm oXlyvValGntOMcPz3r9Vdu LdIfkK2aFA2ibiY4KZImpW oIdXV+w69ZczraKf8uV0bD /UF1dhoIsHzww4NBdbYovy QJDr1YjpiraBgOOj1+R9P1 smol/PdE7T9Nd3E+GkbhMP rzIDjcXfyFHnhPvB+8p17k /eQdem+8E+/MY96t95f3t/ fP1n+9x73vet/X1Pv3Fnse e42jt/M/DSWC4g==</late xit><latexit sh a1_base64="5Sm5O7G+CzJ G322MjhxrbW6pjes=">AAA Ha3icbVXbbtw2EFXS1ptub 0nz1vRBrmAgddaCtHbQPAS BA/eSAjXiIrZjwFwYFHdWJ ixRMknFuyD4HX1tP6sf0X/ oUHvJSlpBAqgzh+fMjEZSU mZc6Sj69979Tz79bKv34PP +F19+9fU3Dx99e66KSjI4Y 0VWyIuEKsi4gDPNdQYXpQS aJxm8T26OXPz9B5CKF+JUz 0oY5TQVfMIZ1QiNSK1gJIx t/+LqYRCFUX343UW8WATe4 ji5erT1howLVuUgNMuoUpd xVOqRoVJzloHtk0pBSdkNT cHUTtbfQWjsTwqJl9B+jTZ 4NFdqlifIzKm+Vu2YAzfFL is9eTEyXJSVBsHmRpMq83X hu8L9MZfAdDbzKWOYb0U15 sGuqaRMY4P6DaNU0vKasym WwAXLqjGYW8Ylq7hGSMAdK /KcirEhmsq0Kq3ZNWQ6My8 jyAd4vdo11idU+ofG3/Ot/ +xleLCIrMN7m+FntYwLtdg 1vI+wHeyi5AtckYnMTWEJi PF0hp63d7a/QyS0c7SrVLH SMUzIDWg/iA3B6XALIqlI6 2fmgomkdTCrQRd2NLvaOY8 HQ+NuTBBbsu32mGBoFyRVJ bXC9hVu3l6ANFFz2ZXpmqw oZD6Pni+j5/Poz4DTJeEYn /nbEiTVOLJES2tOpd0xpFh ggubgIFfhevkJF0XOaWYvh yODjVKVBDc/6AQT/ZQkkHJ hcLKyDGHJpzaIfUL8YOi7t jYiRPL0Wv/Y8iClNOgz8c2 JXTagzCiDuknBviG5wtEC1 x+S0xtIiull/apg27lytyb Yt66Rdkndq3vZmMpS6T1M BdHaAl/5+et7RGcgBFgj08 SaKHw+iAaRbXKO+Vi41Jck Rwmft0gnWZU3VTqUU8BGrj QcqUM5ygp8rE1SOxsqi0K0 rIZtobcMqFjTGW5yO8URBc lX5ccbDd9pSe8SkHL2kbZB 7FeQH7Oa23WkXt9WtFFc3C 6uUKrVok5pxwV+etbrr91a pD8gXzUpHsTdTHBSJE0r1R Dq6vyGX7PmdLRT/l2ujML9 QX12GgiwfPDhwaA+W5Rf0h SHXixHzFUURoNOj9/RbL2s uRL+e+L2n6a7OB+GcRTGfx 4Eh7uLv9AD74n3g/fUi72f vEPvjXfinXnMu/X+8v72/t n6r/e4913v+zn1/r3Fnsde 4+jt/A9YR4Ki</latexit>
co
rr
ec
ti
on
<latexit sha1_base64="LHTrv7oz6+D3ixntfLMif2nDxVM=">AAAB8HicbVBLSgNBFHwTfzH+JrrURWMQXIWZKOjOgBuXEcwHkhB6Oj1Jk54P3W/UEHIPNyJuFDyJV/AWHsGeSTZJLGgoqqp5r54XS6HRcX6s3Nr6xuZWfruws7u3f2AXDxs6ShTjdRbJSLU8qrkUIa+jQMlbseI08CRveqPb1G8+cqVFFD7gOObdgA5C4QtG0Ug9u9hB/owTFinFWSpNe3bJKTsZyCpx56R08wsZaj37u9OPWBLwEJmkWrddJ8buhCoUTPJpoZNoHlM2ogM+yRaekjMj9YkfKfNCJJm6kKOB1uPAM8mA4lAve6n4n9dO0L/uTkQYJ8hDNhvkJ5JgRNL2pC/SmnJsCGVKmA0JG1JFGZobFUx1d7noKmlUyu5FuXJ/WaqezG4AeTiGUzgHF66gCndQgzoweIJX+IBPS1kv1pv1PovmrPmfI1iA9fUHfNSRXg==</latexit>
co
n
tr
ol
<latexit sha1_base64="bkjXbX9LyDkE/N8axmw7kJw6dlA=">AAAB63icbVDLSgMxFL3js9ZX1aUugkVwVWaqoDsLblxWsA9oa8mkmTY0kwzJHbEM/Qo3Im4U/Bd/wb/wE5xOu2nrgcDhnBPuPdePpLDouj/Oyura+sZmbiu/vbO7t184OKxbHRvGa0xLbZo+tVwKxWsoUPJmZDgNfckb/vB24jeeuLFCqwccRbwT0r4SgWAUU+mxjfwZE6YVGi3H3ULRLbkZyDLxZqR48wsZqt3Cd7unWRxyhUxSa1ueG2EnoQYFk3ycb8eWR5QNaZ8n2a5jcpZKPRJokz6FJFPncjS0dhT6aTKkOLCL3kT8z2vFGFx3EqGiGLli00FBLAlqMilOesJwhnKUEsqMSDckbEANZZieJ59W9xaLLpN6ueRdlMr3l8XKyfQGkINjOIVz8OAKKnAHVagBAwOv8AGfTui8OG/O+zS64sz+HMEcnK8/uMyP2A==</latexit>
(a)
. . .
<latexit sha1_base64 ="us9xei9bd8LTMcp+GCOYG6SIHSI=">AAAHdH icbVVdb9xEFHULZEv4SoE3eHCwIpV0Y9m7qehDB UHlo0hEDWqSVspE0Xh81xnFHjszY7LLaP4Lr/C P+Bc88cwd70fX9lq2NL73zDn3Hl/bSZVzpaPon3 v333n3va3Bg/e3P/jwo48/2Xn46bkqa8ngjJV5 Kd8kVEHOBZxprnN4U0mgRZLD6+Tmucu//h2k4qU 41bMKLguaCT7hjGoMXe18ThoO8zwvEWZJmpZaX e0EURg1h99fxItF8N2/XnOcXD3cekHSktUFCM1y qtRFHFX60lCpOcvBbpNaQUXZDc3ANILW38NQ6k 9KiZfQfhNt4Wih1KxIEFlQfa26ORfclLuo9eTpp eGiqjUINhea1LmvS9854KdcAtP5zKeMYb011VgH u6aSMo1ObbeEMkmra86m2AIXLK9TMLeMS1ZzjS EBd6wsCipSQzSVWV1Zs2/IdGaeRVAM8fp231ifU OkfGf/At/7jZ+HhIrMePtgcftzQuFQH3YTHGLb DfaR8iisykYUpLQGRTmeoeXtnt/eIhG6NdlUqdp rChNyA9oPYEHz+bkEkFVnzzFwykbRJ5k3QpR3M rnbO88HIuBsTxJbsuj0mGNkFSNVJw7B7hZt3F0G aqDntSnSNVpSymGfPl9nzefYHwOmScIzP/GUFk mqcXKKlNafS7hlSLmKCFuBCrsP19hMuyoLT3F6M Lg0apWoJbn5QCSb6EUkg48LgZOU5hiWf2iD2Cf GDke9sbWWI5Nm1/rqjQSppUGfimxO7NKDKKYPGp GBsSKFwtMD5Qwp6A0k5vWheFbSdK3drgrF1Rto l9KDxsjWVldIHWApGGwl89xdvMZ2BEGCNzBJrov DJMBpGto055qlwpS9BDhI+6YBO8rpos/Qgp4BG rjgcqAdZfFRaoG41VJal6EiNukQvGVCxxjPapHa KIwqSr9qPNwq+0pLeJSDl7C1sA9lPIN9WNZfrU X1/W9NWc3G3uVKpjkW91o5L/PSs99+odUC/QrEy KR7G/UpwUiTNatUi6vP8jF+z9nR0S/5FroTC8b A5ewYCLB98eDhszg7kxyzDoRfLEXMdhdGw5/Erm q+3NWfCf0/c/dP0F+ejMB6Ho98Og6P9+U/Ie+B9 4X3lPfJi7xvvyHvhnXhnHvP+8P70/vL+3vpv8O UgGOzNoffvLfZ85rWOQfg/zv+HlA==</latexit >
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(b)
FIG. 2. (a) Distance-three fault-tolerant measurement of X⊗4.
Each CNOT to the data is protected by two flags. X correc-
tions are applied based on the flag pattern. (b) Schematic
showing how the circuit extends to X⊗w and arbitrary dis-
tance d; control and corrections are omitted. Between each
consecutive pair of CNOT gates to the data, d− 1 flags are
turned on, and d− 1 turned off, in an alternating fashion: on,
off, on, off.
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FIG. 3. An optimized circuit for measuring X⊗10. Note that
the central data CNOT gates are protected by d − 1 flags,
but fewer flags are used toward the ends. With appropriate
correction rules, the circuit is fault tolerant to distance d = 5.
conditions, modify the scheme of Fig. 2 by prepending
r = (d + 1)2/4 rounds of d − 1 flags. That is, follow
Fig. 2 for a weight r + w stabilizer, except do not use
data CNOTs in the first r rounds. We will show:
Lemma 4. The modified procedure, with (d+1)2/4 initial
flag rounds and appropriate correction rules, is d-FT.
Let us first give some intuition. Distinguish possible
circuit faults into syndrome faults and flag faults. Syn-
drome faults cause X faults on the syndrome ancilla; they
can spread to correlated data errors. Flag faults are mea-
surement faults on flag ancillas; they do not spread to the
data. A syndrome fault can trigger d− 1 or d flags, as in
Fig. 4, or < d− 1 flags on the left and right boundaries,
as in Fig. 2(a). The motivation for the initial flag rounds
is so that our correction algorithm, which works from
left to right, does not need to account for left boundary
conditions.
Assume for the moment that every syndrome fault flips
exactly d− 1 flags. Imagine laying the flags along the real
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· · ·<latexit sha1_base64="kgkZizXQGz Q2Xczlw67gNx/cIwk=">AAAHc3icbVVNb9tGEGXS1krcjzjNMRc6rIHUkQRScpAc gtaF+5ECNeIithPAaxjL1YhemFzSu8tawmJ/S6/tT+q/6KX3zpKSLJImSGA58/a 9mcchGRcpVzoM/7l3/5NPP9voPXi4+fkXX371aOvx16cqLyWDE5anufwYUwUpF3C iuU7hYyGBZnEKH+KrA5f/8AdIxXNxrOcFnGc0EXzKGdUYuth6QioO844BFZawSa7 VxVYQDsPq8LuLaLEIvv/Xq46ji8cbb8kkZ2UGQrOUKnUWhYU+N1RqzlKwm6RUUF B2RRMwlZ71dzA08ae5xEtov4o2cDRTap7FiMyovlTtnAvelTsr9fT1ueGiKDUIVg tNy9TXue8M8CdcAtPp3KeMYb0l1VgHu6SSMo1GbTaEEkmLS85m2AIXLC0nYK4Zl 6zkGkMCblieZVRMDNFUJmVhza4hs7l5E0LWx+u7XWN9QqW/b/yBb/0Xb4Z7i8x6e HB3+EVF41ItdBUeY9j2d5HyNa7IVGYmtwTEZDZHzesbu7lDJLRrtKtSsdMJTMkV aD+IDMEpcQsiqUiqZ+aSsaRVMq2CLu1gdrWzzgcj425MEFmy7faYYGQXIFXGFcP2 BW7eXgRprGralegarchlVmdPl9nTOvsj4HRJOMRn/q4ASTUOLtHSmmNpdwzJFzFB M3Ah1+F6+zEXecZpas9G5waNUqUENz+oBFP9nMSQcGFwstIUw5LPbBD5hPjByHe 2NjJE8uRSf9vSIIU0qDP1zZFdGlCklEFlUjA2JFM4WuD8IRm9gjifnVWvCtrOlbs 1wdg6I+0SOqi8bExlofQAS8FoJYGvfv0SH9A5CAHWyCS2Jhy+7If90DYxh3wiXO lLkIMMX7ZAR2mZNVk6kGNAI1ccDtSBHKQ5PtYmqF0NlXkuWlKjNlH9cbrlGd2ldo wjCpKv2o/uFHyvJb2JQcr5LewOsp9B3lZVy3WofrguaaO5qN1crlTLok5rhzl+e tb7r9RaoN8gW5kU9aNuJTgpkialahB1eX7Br1lzOtol/ypXQsNxvzo7BgIsH/xwr 1+dLchPSYJDL5Yj5joahv2Ox+9put5WzYT/nqj9p+kuTkfDaDwc/b4X7O/WPyHv gffUe+Y99yLvlbfvvfWOvBOPeXPvT+8v7++N/3pPe89639TQ+/cWe554jaM3+B/0 GYcE</latexit>
· · ·<latexit sha1_base64="kgkZizXQGz Q2Xczlw67gNx/cIwk=">AAAHc3icbVVNb9tGEGXS1krcjzjNMRc6rIHUkQRScpAc gtaF+5ECNeIithPAaxjL1YhemFzSu8tawmJ/S6/tT+q/6KX3zpKSLJImSGA58/a 9mcchGRcpVzoM/7l3/5NPP9voPXi4+fkXX371aOvx16cqLyWDE5anufwYUwUpF3C iuU7hYyGBZnEKH+KrA5f/8AdIxXNxrOcFnGc0EXzKGdUYuth6QioO844BFZawSa7 VxVYQDsPq8LuLaLEIvv/Xq46ji8cbb8kkZ2UGQrOUKnUWhYU+N1RqzlKwm6RUUF B2RRMwlZ71dzA08ae5xEtov4o2cDRTap7FiMyovlTtnAvelTsr9fT1ueGiKDUIVg tNy9TXue8M8CdcAtPp3KeMYb0l1VgHu6SSMo1GbTaEEkmLS85m2AIXLC0nYK4Zl 6zkGkMCblieZVRMDNFUJmVhza4hs7l5E0LWx+u7XWN9QqW/b/yBb/0Xb4Z7i8x6e HB3+EVF41ItdBUeY9j2d5HyNa7IVGYmtwTEZDZHzesbu7lDJLRrtKtSsdMJTMkV aD+IDMEpcQsiqUiqZ+aSsaRVMq2CLu1gdrWzzgcj425MEFmy7faYYGQXIFXGFcP2 BW7eXgRprGralegarchlVmdPl9nTOvsj4HRJOMRn/q4ASTUOLtHSmmNpdwzJFzFB M3Ah1+F6+zEXecZpas9G5waNUqUENz+oBFP9nMSQcGFwstIUw5LPbBD5hPjByHe 2NjJE8uRSf9vSIIU0qDP1zZFdGlCklEFlUjA2JFM4WuD8IRm9gjifnVWvCtrOlbs 1wdg6I+0SOqi8bExlofQAS8FoJYGvfv0SH9A5CAHWyCS2Jhy+7If90DYxh3wiXO lLkIMMX7ZAR2mZNVk6kGNAI1ccDtSBHKQ5PtYmqF0NlXkuWlKjNlH9cbrlGd2ldo wjCpKv2o/uFHyvJb2JQcr5LewOsp9B3lZVy3WofrguaaO5qN1crlTLok5rhzl+e tb7r9RaoN8gW5kU9aNuJTgpkialahB1eX7Br1lzOtol/ypXQsNxvzo7BgIsH/xwr 1+dLchPSYJDL5Yj5joahv2Ox+9put5WzYT/nqj9p+kuTkfDaDwc/b4X7O/WPyHv gffUe+Y99yLvlbfvvfWOvBOPeXPvT+8v7++N/3pPe89639TQ+/cWe554jaM3+B/0 GYcE</latexit>· · ·<latexit sha1_base64="kgkZizXQGz Q2Xczlw67gNx/cIwk=">AAAHc3icbVVNb9tGEGXS1krcjzjNMRc6rIHUkQRScpAc gtaF+5ECNeIithPAaxjL1YhemFzSu8tawmJ/S6/tT+q/6KX3zpKSLJImSGA58/a 9mcchGRcpVzoM/7l3/5NPP9voPXi4+fkXX371aOvx16cqLyWDE5anufwYUwUpF3C iuU7hYyGBZnEKH+KrA5f/8AdIxXNxrOcFnGc0EXzKGdUYuth6QioO844BFZawSa7 VxVYQDsPq8LuLaLEIvv/Xq46ji8cbb8kkZ2UGQrOUKnUWhYU+N1RqzlKwm6RUUF B2RRMwlZ71dzA08ae5xEtov4o2cDRTap7FiMyovlTtnAvelTsr9fT1ueGiKDUIVg tNy9TXue8M8CdcAtPp3KeMYb0l1VgHu6SSMo1GbTaEEkmLS85m2AIXLC0nYK4Zl 6zkGkMCblieZVRMDNFUJmVhza4hs7l5E0LWx+u7XWN9QqW/b/yBb/0Xb4Z7i8x6e HB3+EVF41ItdBUeY9j2d5HyNa7IVGYmtwTEZDZHzesbu7lDJLRrtKtSsdMJTMkV aD+IDMEpcQsiqUiqZ+aSsaRVMq2CLu1gdrWzzgcj425MEFmy7faYYGQXIFXGFcP2 BW7eXgRprGralegarchlVmdPl9nTOvsj4HRJOMRn/q4ASTUOLtHSmmNpdwzJFzFB M3Ah1+F6+zEXecZpas9G5waNUqUENz+oBFP9nMSQcGFwstIUw5LPbBD5hPjByHe 2NjJE8uRSf9vSIIU0qDP1zZFdGlCklEFlUjA2JFM4WuD8IRm9gjifnVWvCtrOlbs 1wdg6I+0SOqi8bExlofQAS8FoJYGvfv0SH9A5CAHWyCS2Jhy+7If90DYxh3wiXO lLkIMMX7ZAR2mZNVk6kGNAI1ccDtSBHKQ5PtYmqF0NlXkuWlKjNlH9cbrlGd2ldo wjCpKv2o/uFHyvJb2JQcr5LewOsp9B3lZVy3WofrguaaO5qN1crlTLok5rhzl+e tb7r9RaoN8gW5kU9aNuJTgpkialahB1eX7Br1lzOtol/ypXQsNxvzo7BgIsH/xwr 1+dLchPSYJDL5Yj5joahv2Ox+9put5WzYT/nqj9p+kuTkfDaDwc/b4X7O/WPyHv gffUe+Y99yLvlbfvvfWOvBOPeXPvT+8v7++N/3pPe89639TQ+/cWe554jaM3+B/0 GYcE</latexit>
FIG. 4. A syndrome fault can flip d− 1 or d flags.
Flags:
<latexit sha1_base64="Wi3RHEwjndvBk GUXyxLBbkEtijY=">AAAHc3icbVVNb9tGEGXS1krdjzjNMRc6rAHXkQRSStCgCFoXbtMUq BEXsZ0AXsNYrkb0wuSS3l3WEhb7Q9pLr+1P6r/opffOkpIikiYoaPnmcd7M2yEZFylXOgz /uXP3gw8/2ujd+3jzk08/+/z+1oMvTlVeSgYnLE9z+S6mClIu4ERzncK7QgLN4hTexlcH Lv72N5CK5+JYzws4z2gi+JQzqhG62HpIqhwmTim7si9TmqhvLraCcBhWh99dRItF8N2/Xn UcXTzYeEUmOSszEJqlVKmzKCz0uaFSc5aC3SSlggIFaAKm0rP+DkITf5pL/AntV2iDRzOl 5lmMzIzqS9WOOfC22Fmpp8/PDRdFqUGwWmhapr7OfWeAP+ESmE7nPmUM6y2pxjrYJZWUa TRqsyGUSFpccjbDFrhgaTkBc824ZCXXCAm4YXmWUTExRFOZlIU1e4bM5uZFCFkff9/uGes TKv194w986z95MXy6iKzDg9vhJ1UaF2qxK3iMsO3vYcrnuCJTmZncEhCT2Rw1r2/s5g6R0 K7RrkrFTicwJVeg/SAyBKfELYikIqn2zAVjSatgWoEu7Gh2dWcdD0bGXZggsmTb3WOCkV 2QVBlXGbYv8ObtBUhjVaddia6lFbnM6ujpMnpaR38AnC4Jh7jnrwuQVOPgEi2tOZZ2x5B8 gQmagYNch+vtx1zkGaepPRudGzRKlRLc/KASTPUuiSHhwuBkpSnCks9sEPmE+MHId7Y2Ik Ty5FJ/1dIghTSoM/XNkV0aUOCTBZVJwdiQTOFogfOHZPQK4nx2Vj0qaDtX7tIEY+uMtEv qoPKyMZWF0gMsBdFKAh/9+iE+oHMQAqyRSWxNOHzWD/uhbXIO+US40pckRxk+a5GO0jJrZ ulQjgGNXOVwpA7lIM1xW5ukdjVU5rloSY3aiV4zoGItz+g2tWMcUZB81X50q+AbLelNDFL O39NuSfYS5PuqarlOqu+vS9poLmo3lyvVsqjT2mGOr571/iu1FukXyFYmRf2oWwlOiqRJ qRqJunl+wrdZczraJf8sV0LDcb86OwYCLDd++LRfnS3Kj0mCQy+WI+Y6Gob9jsdvaLreVp 0Jvz1R+0vTXZyOhtF4OPp1FOzv/u6OP7x73iPvsbfrRd7X3r73yjvyTjzmzb0/vb+8vzf+ 6z3qPe59WX+w7t6p/72HXuPoDf4HX3yKXA==</latexit>
1  p
<latexit sha1_base64="i5TxweOeg5/y2 CkNfvWFu74gYAE=">AAAHcXicbVXbbtw2EFXS1ptub3b7FPSFjuAitXcFaZ0geQgKF+4lB WrERWwngGkYFHdWJixRMkXVuyD4KX1tv6nf0R/oUHvJSlpBAqgzR+fMjIZSXKSi1GH474O HH338yVbv0af9zz7/4suvtne+vijzSnE453maq/cxKyEVEs610Cm8LxSwLE7hXXx77OLv /gRVilye6VkBVxlLpJgIzjRC19s7tNYwccr4re1Hw+J62w+DsD5IdxEtFr63OE6vd7Ze03 HOqwyk5ikry8soLPSVYUoLnoLt06qEAuVZAqZ2s2QPoTGZ5AovqUmNNngsK8tZFiMzY/qm bMccuCl2WenJyysjZFFpkHxuNKlSonPiyidjoYDrdEYY55hvxTTmwW+YYlxjm/oNo0Sx4 kbwKZYgJE+rMZg7LhSvhEZIwj3Ps4zJsaGaqaQqrNk3dDozr0LIBnj9sG8soUyRI0OGxJK DV8GzRWQdHm6GD2oZF2qxa/gQYTvYR8mXuKITlZncUpDj6Qw97+5tf48qaOdoV6lipWOY0 FvQxI8MxRlxC6qYTOp35oKxYnUwrUEXdjS7enIe90fG3Rg/snTXPWP8kV2QyiquFXav8e HdBcjici67Ml2TlbnK5tGLZfRiHv0JcLoUnOA7f1OAYhrHlmplzZmye4bmC0yyDBzkKlwv PxYyzwRL7eXoymCjykqBmx90gol+SmNIhDQ4WWmKsBJT60eEUuKPiGtrI0KVSG709y0PWi iDPhNiTu2yAQXuK6ib5B8ampU4WuD6QzN2C3E+vay3CrZdlO7W+IfWNdIuqcO6l42pLEo 9xFQQrS1w48+38DGbgZRgjUpia8Lg+SAchLbJORFj6VJfkhwleN4inaZV1lTpUM4AG7nSc KQO5TjN8bU2Se1smMpz2bIatYXecGByTWe0ye0MRxSUWJUfbTR8qxW7j0Gp2QfaBrFfQH3 Iam7XkfrxrmKN4qJ2cXlZtlrUKe0kx0/Pev21W4v0O2SrJkWDqJsJTopiSVU2hLo6v+LX rDkd7ZR/Uyuj4HBQn50GAixffPBsUJ8tys9JgkMvlyPmKgrCQafHb1m6XtZcCf89UftP01 1cjIIoDKI/Qv/ou8Vf6JH3rffEe+pF3gvvyHvtnXrnHvfuvb+8v71/tv7rPe6R3pM59eGD xTPfeI2jd/A/ueKEKw==</latexit><latexit sha1_base64="i5TxweOeg5/y2 CkNfvWFu74gYAE=">AAAHcXicbVXbbtw2EFXS1ptub3b7FPSFjuAitXcFaZ0geQgKF+4lB WrERWwngGkYFHdWJixRMkXVuyD4KX1tv6nf0R/oUHvJSlpBAqgzR+fMjIZSXKSi1GH474O HH338yVbv0af9zz7/4suvtne+vijzSnE453maq/cxKyEVEs610Cm8LxSwLE7hXXx77OLv /gRVilye6VkBVxlLpJgIzjRC19s7tNYwccr4re1Hw+J62w+DsD5IdxEtFr63OE6vd7Ze03 HOqwyk5ikry8soLPSVYUoLnoLt06qEAuVZAqZ2s2QPoTGZ5AovqUmNNngsK8tZFiMzY/qm bMccuCl2WenJyysjZFFpkHxuNKlSonPiyidjoYDrdEYY55hvxTTmwW+YYlxjm/oNo0Sx4 kbwKZYgJE+rMZg7LhSvhEZIwj3Ps4zJsaGaqaQqrNk3dDozr0LIBnj9sG8soUyRI0OGxJK DV8GzRWQdHm6GD2oZF2qxa/gQYTvYR8mXuKITlZncUpDj6Qw97+5tf48qaOdoV6lipWOY0 FvQxI8MxRlxC6qYTOp35oKxYnUwrUEXdjS7enIe90fG3Rg/snTXPWP8kV2QyiquFXav8e HdBcjici67Ml2TlbnK5tGLZfRiHv0JcLoUnOA7f1OAYhrHlmplzZmye4bmC0yyDBzkKlwv PxYyzwRL7eXoymCjykqBmx90gol+SmNIhDQ4WWmKsBJT60eEUuKPiGtrI0KVSG709y0PWi iDPhNiTu2yAQXuK6ib5B8ampU4WuD6QzN2C3E+vay3CrZdlO7W+IfWNdIuqcO6l42pLEo 9xFQQrS1w48+38DGbgZRgjUpia8Lg+SAchLbJORFj6VJfkhwleN4inaZV1lTpUM4AG7nSc KQO5TjN8bU2Se1smMpz2bIatYXecGByTWe0ye0MRxSUWJUfbTR8qxW7j0Gp2QfaBrFfQH3 Iam7XkfrxrmKN4qJ2cXlZtlrUKe0kx0/Pev21W4v0O2SrJkWDqJsJTopiSVU2hLo6v+LX rDkd7ZR/Uyuj4HBQn50GAixffPBsUJ8tys9JgkMvlyPmKgrCQafHb1m6XtZcCf89UftP01 1cjIIoDKI/Qv/ou8Vf6JH3rffEe+pF3gvvyHvtnXrnHvfuvb+8v71/tv7rPe6R3pM59eGD xTPfeI2jd/A/ueKEKw==</latexit><latexit sha1_base64="i5TxweOeg5/y2 CkNfvWFu74gYAE=">AAAHcXicbVXbbtw2EFXS1ptub3b7FPSFjuAitXcFaZ0geQgKF+4lB WrERWwngGkYFHdWJixRMkXVuyD4KX1tv6nf0R/oUHvJSlpBAqgzR+fMjIZSXKSi1GH474O HH338yVbv0af9zz7/4suvtne+vijzSnE453maq/cxKyEVEs610Cm8LxSwLE7hXXx77OLv /gRVilye6VkBVxlLpJgIzjRC19s7tNYwccr4re1Hw+J62w+DsD5IdxEtFr63OE6vd7Ze03 HOqwyk5ikry8soLPSVYUoLnoLt06qEAuVZAqZ2s2QPoTGZ5AovqUmNNngsK8tZFiMzY/qm bMccuCl2WenJyysjZFFpkHxuNKlSonPiyidjoYDrdEYY55hvxTTmwW+YYlxjm/oNo0Sx4 kbwKZYgJE+rMZg7LhSvhEZIwj3Ps4zJsaGaqaQqrNk3dDozr0LIBnj9sG8soUyRI0OGxJK DV8GzRWQdHm6GD2oZF2qxa/gQYTvYR8mXuKITlZncUpDj6Qw97+5tf48qaOdoV6lipWOY0 FvQxI8MxRlxC6qYTOp35oKxYnUwrUEXdjS7enIe90fG3Rg/snTXPWP8kV2QyiquFXav8e HdBcjici67Ml2TlbnK5tGLZfRiHv0JcLoUnOA7f1OAYhrHlmplzZmye4bmC0yyDBzkKlwv PxYyzwRL7eXoymCjykqBmx90gol+SmNIhDQ4WWmKsBJT60eEUuKPiGtrI0KVSG709y0PWi iDPhNiTu2yAQXuK6ib5B8ampU4WuD6QzN2C3E+vay3CrZdlO7W+IfWNdIuqcO6l42pLEo 9xFQQrS1w48+38DGbgZRgjUpia8Lg+SAchLbJORFj6VJfkhwleN4inaZV1lTpUM4AG7nSc KQO5TjN8bU2Se1smMpz2bIatYXecGByTWe0ye0MRxSUWJUfbTR8qxW7j0Gp2QfaBrFfQH3 Iam7XkfrxrmKN4qJ2cXlZtlrUKe0kx0/Pev21W4v0O2SrJkWDqJsJTopiSVU2hLo6v+LX rDkd7ZR/Uyuj4HBQn50GAixffPBsUJ8tys9JgkMvlyPmKgrCQafHb1m6XtZcCf89UftP01 1cjIIoDKI/Qv/ou8Vf6JH3rffEe+pF3gvvyHvtnXrnHvfuvb+8v71/tv7rPe6R3pM59eGD xTPfeI2jd/A/ueKEKw==</latexit><latexit sha1_base64="i5TxweOeg5/y2 CkNfvWFu74gYAE=">AAAHcXicbVXbbtw2EFXS1ptub3b7FPSFjuAitXcFaZ0geQgKF+4lB WrERWwngGkYFHdWJixRMkXVuyD4KX1tv6nf0R/oUHvJSlpBAqgzR+fMjIZSXKSi1GH474O HH338yVbv0af9zz7/4suvtne+vijzSnE453maq/cxKyEVEs610Cm8LxSwLE7hXXx77OLv /gRVilye6VkBVxlLpJgIzjRC19s7tNYwccr4re1Hw+J62w+DsD5IdxEtFr63OE6vd7Ze03 HOqwyk5ikry8soLPSVYUoLnoLt06qEAuVZAqZ2s2QPoTGZ5AovqUmNNngsK8tZFiMzY/qm bMccuCl2WenJyysjZFFpkHxuNKlSonPiyidjoYDrdEYY55hvxTTmwW+YYlxjm/oNo0Sx4 kbwKZYgJE+rMZg7LhSvhEZIwj3Ps4zJsaGaqaQqrNk3dDozr0LIBnj9sG8soUyRI0OGxJK DV8GzRWQdHm6GD2oZF2qxa/gQYTvYR8mXuKITlZncUpDj6Qw97+5tf48qaOdoV6lipWOY0 FvQxI8MxRlxC6qYTOp35oKxYnUwrUEXdjS7enIe90fG3Rg/snTXPWP8kV2QyiquFXav8e HdBcjici67Ml2TlbnK5tGLZfRiHv0JcLoUnOA7f1OAYhrHlmplzZmye4bmC0yyDBzkKlwv PxYyzwRL7eXoymCjykqBmx90gol+SmNIhDQ4WWmKsBJT60eEUuKPiGtrI0KVSG709y0PWi iDPhNiTu2yAQXuK6ib5B8ampU4WuD6QzN2C3E+vay3CrZdlO7W+IfWNdIuqcO6l42pLEo 9xFQQrS1w48+38DGbgZRgjUpia8Lg+SAchLbJORFj6VJfkhwleN4inaZV1lTpUM4AG7nSc KQO5TjN8bU2Se1smMpz2bIatYXecGByTWe0ye0MRxSUWJUfbTR8qxW7j0Gp2QfaBrFfQH3 Iam7XkfrxrmKN4qJ2cXlZtlrUKe0kx0/Pev21W4v0O2SrJkWDqJsJTopiSVU2hLo6v+LX rDkd7ZR/Uyuj4HBQn50GAixffPBsUJ8tys9JgkMvlyPmKgrCQafHb1m6XtZcCf89UftP01 1cjIIoDKI/Qv/ou8Vf6JH3rffEe+pF3gvvyHvtnXrnHvfuvb+8v71/tv7rPe6R3pM59eGD xTPfeI2jd/A/ueKEKw==</latexit>⇢
<latexit sha1_base64="sOmSe5krmCONo+YvXE2cLINSCYc="></latexit><latexit sha1_base64="sOmSe5krmCONo+YvXE2cLINSCYc="></latexit><latexit sha1_base64="sOmSe5krmCONo+YvXE2cLINSCYc="></latexit><latexit sha1_base64="sOmSe5krmCONo+YvXE2cLINSCYc="></latexit> ⇢
<latexit sha1_base64="sOmSe5krmCONo+YvXE2cLINSCYc="></latexit><latexit sha1_base64="sOmSe5krmCONo+YvXE2cLINSCYc="></latexit><latexit sha1_base64="sOmSe5krmCONo+YvXE2cLINSCYc="></latexit><latexit sha1_base64="sOmSe5krmCONo+YvXE2cLINSCYc="></latexit>
8 > > > > < > > > > :
<latexit sha1_base64="WLRg6tNreKA/keMTbYtzI141PDo="></latexit><latexit sha1_base64="WLRg6tNreKA/keMTbYtzI141PDo="></latexit><latexit sha1_base64="WLRg6tNreKA/keMTbYtzI141PDo="></latexit><latexit sha1_base64="WLRg6tNreKA/keMTbYtzI141PDo="></latexit>
q
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<latexit sha1_base64="gyRjUigETwXmd Iw9+sb+dXxYxUU=">AAAHdnicbVVdb9s2FFW7Lu6yr3QD9lJgUCZk61LHkJwW60MxZMg+O mBBMzRJA4SBQdHXChGJUkiqscHyz+x1+0P7J3vcpWQ7lmRBAqhzj8699+hSiouUKx2G/96 7/8GDDzd6Dz/a/PiTTz/7fOvRF2cqLyWDU5anuTyPqYKUCzjVXKdwXkigWZzC2/j60MXf vgOpeC5O9KyAy4wmgk84oxqh0dZXpNIwJ1QkIFHEbho7Oh9tBeEgrA6/u4jmi8CbH8ejRx uvyDhnZQZCs5QqdRGFhb40VGrOUlQlpYKCsmuagKlSWn8HobE/ySVeQvsV2uDRTKlZFiMz o/pKtWMOXBe7KPXkxaXhoig1CFYnmpSpr3PfeeCPuQSm05lPGcN6S6qxDnZFJWUavdpsJ EokLa44m2ILXLC0HIO5YVyykmuEBNyyPMuoGBuiqUzKwppdQ6Yz8zKErI/Xj7vG+oRK/8D 4e771n74cPJtHVuG99fDTSsaFWuwK3kfY9ndR8gWuyERmJrcExHg6w5w3t3Zzh0ho12iXp WKnY5iQa9B+EBmCg+IWROIwVO/MBWNJq2BagS7saHb5ZB0PhsbdmCCyZNs9Y4KhnZNUGV cK2yN8eHsO0ljVssukK7Iil1kdPVtEz+roz4DTJeEI3/nrAiTVOLtES2tOpN0xJJ9jgmbg INfhavsxF3nGaWovhpcGjVKlBDc/mAkm+gmJIeHC4GSlKcKST20Q+YT4wdB3tjYiRPLkSn /fykEKaTDPxDfHdmFAkVIGlUnBviGZwtEC5w/J6DXE+fSi2ipoO1fu1gT71hlpF9S9ysv GVBZK72EpiFYpcOPW+/iQzkDgLjYyia0JB8/7YT+0Tc4RHwtX+oLkKIPnLdJxWmZNlQ7lB NDIpYYjdSiHaY6vtUlqV0NlnotWqmFb6DUDKlZ0huuy3X3EamK0NuEbLeltDFLO7mhrxH4 FeVdVna4j9dNNSRvNRe3mcqVaFnVaO8rx07Paf5WtRfoDsqVJUT/qVoKTImlSqoZQV+c3 /Jo1p6Nd8u9ymWiw36/OjoEAixc/eNavzhbllyTBoReLEXMdDcJ+x+M3NF1tq1bCf0/U/t N0F2fDQRQOoj/D4ODb+V/ooffY+8Z74kXeD96B98o79k495r33/vL+9v7Z+K/3dW+n911N vX9v/syXXuPohf8DMfSG3g==</latexit><latexit sha1_base64="gyRjUigETwXmd Iw9+sb+dXxYxUU=">AAAHdnicbVVdb9s2FFW7Lu6yr3QD9lJgUCZk61LHkJwW60MxZMg+O mBBMzRJA4SBQdHXChGJUkiqscHyz+x1+0P7J3vcpWQ7lmRBAqhzj8699+hSiouUKx2G/96 7/8GDDzd6Dz/a/PiTTz/7fOvRF2cqLyWDU5anuTyPqYKUCzjVXKdwXkigWZzC2/j60MXf vgOpeC5O9KyAy4wmgk84oxqh0dZXpNIwJ1QkIFHEbho7Oh9tBeEgrA6/u4jmi8CbH8ejRx uvyDhnZQZCs5QqdRGFhb40VGrOUlQlpYKCsmuagKlSWn8HobE/ySVeQvsV2uDRTKlZFiMz o/pKtWMOXBe7KPXkxaXhoig1CFYnmpSpr3PfeeCPuQSm05lPGcN6S6qxDnZFJWUavdpsJ EokLa44m2ILXLC0HIO5YVyykmuEBNyyPMuoGBuiqUzKwppdQ6Yz8zKErI/Xj7vG+oRK/8D 4e771n74cPJtHVuG99fDTSsaFWuwK3kfY9ndR8gWuyERmJrcExHg6w5w3t3Zzh0ho12iXp WKnY5iQa9B+EBmCg+IWROIwVO/MBWNJq2BagS7saHb5ZB0PhsbdmCCyZNs9Y4KhnZNUGV cK2yN8eHsO0ljVssukK7Iil1kdPVtEz+roz4DTJeEI3/nrAiTVOLtES2tOpN0xJJ9jgmbg INfhavsxF3nGaWovhpcGjVKlBDc/mAkm+gmJIeHC4GSlKcKST20Q+YT4wdB3tjYiRPLkSn /fykEKaTDPxDfHdmFAkVIGlUnBviGZwtEC5w/J6DXE+fSi2ipoO1fu1gT71hlpF9S9ysv GVBZK72EpiFYpcOPW+/iQzkDgLjYyia0JB8/7YT+0Tc4RHwtX+oLkKIPnLdJxWmZNlQ7lB NDIpYYjdSiHaY6vtUlqV0NlnotWqmFb6DUDKlZ0huuy3X3EamK0NuEbLeltDFLO7mhrxH4 FeVdVna4j9dNNSRvNRe3mcqVaFnVaO8rx07Paf5WtRfoDsqVJUT/qVoKTImlSqoZQV+c3 /Jo1p6Nd8u9ymWiw36/OjoEAixc/eNavzhbllyTBoReLEXMdDcJ+x+M3NF1tq1bCf0/U/t N0F2fDQRQOoj/D4ODb+V/ooffY+8Z74kXeD96B98o79k495r33/vL+9v7Z+K/3dW+n911N vX9v/syXXuPohf8DMfSG3g==</latexit><latexit sha1_base64="gyRjUigETwXmd Iw9+sb+dXxYxUU=">AAAHdnicbVVdb9s2FFW7Lu6yr3QD9lJgUCZk61LHkJwW60MxZMg+O mBBMzRJA4SBQdHXChGJUkiqscHyz+x1+0P7J3vcpWQ7lmRBAqhzj8699+hSiouUKx2G/96 7/8GDDzd6Dz/a/PiTTz/7fOvRF2cqLyWDU5anuTyPqYKUCzjVXKdwXkigWZzC2/j60MXf vgOpeC5O9KyAy4wmgk84oxqh0dZXpNIwJ1QkIFHEbho7Oh9tBeEgrA6/u4jmi8CbH8ejRx uvyDhnZQZCs5QqdRGFhb40VGrOUlQlpYKCsmuagKlSWn8HobE/ySVeQvsV2uDRTKlZFiMz o/pKtWMOXBe7KPXkxaXhoig1CFYnmpSpr3PfeeCPuQSm05lPGcN6S6qxDnZFJWUavdpsJ EokLa44m2ILXLC0HIO5YVyykmuEBNyyPMuoGBuiqUzKwppdQ6Yz8zKErI/Xj7vG+oRK/8D 4e771n74cPJtHVuG99fDTSsaFWuwK3kfY9ndR8gWuyERmJrcExHg6w5w3t3Zzh0ho12iXp WKnY5iQa9B+EBmCg+IWROIwVO/MBWNJq2BagS7saHb5ZB0PhsbdmCCyZNs9Y4KhnZNUGV cK2yN8eHsO0ljVssukK7Iil1kdPVtEz+roz4DTJeEI3/nrAiTVOLtES2tOpN0xJJ9jgmbg INfhavsxF3nGaWovhpcGjVKlBDc/mAkm+gmJIeHC4GSlKcKST20Q+YT4wdB3tjYiRPLkSn /fykEKaTDPxDfHdmFAkVIGlUnBviGZwtEC5w/J6DXE+fSi2ipoO1fu1gT71hlpF9S9ysv GVBZK72EpiFYpcOPW+/iQzkDgLjYyia0JB8/7YT+0Tc4RHwtX+oLkKIPnLdJxWmZNlQ7lB NDIpYYjdSiHaY6vtUlqV0NlnotWqmFb6DUDKlZ0huuy3X3EamK0NuEbLeltDFLO7mhrxH4 FeVdVna4j9dNNSRvNRe3mcqVaFnVaO8rx07Paf5WtRfoDsqVJUT/qVoKTImlSqoZQV+c3 /Jo1p6Nd8u9ymWiw36/OjoEAixc/eNavzhbllyTBoReLEXMdDcJ+x+M3NF1tq1bCf0/U/t N0F2fDQRQOoj/D4ODb+V/ooffY+8Z74kXeD96B98o79k495r33/vL+9v7Z+K/3dW+n911N vX9v/syXXuPohf8DMfSG3g==</latexit><latexit sha1_base64="gyRjUigETwXmd Iw9+sb+dXxYxUU=">AAAHdnicbVVdb9s2FFW7Lu6yr3QD9lJgUCZk61LHkJwW60MxZMg+O mBBMzRJA4SBQdHXChGJUkiqscHyz+x1+0P7J3vcpWQ7lmRBAqhzj8699+hSiouUKx2G/96 7/8GDDzd6Dz/a/PiTTz/7fOvRF2cqLyWDU5anuTyPqYKUCzjVXKdwXkigWZzC2/j60MXf vgOpeC5O9KyAy4wmgk84oxqh0dZXpNIwJ1QkIFHEbho7Oh9tBeEgrA6/u4jmi8CbH8ejRx uvyDhnZQZCs5QqdRGFhb40VGrOUlQlpYKCsmuagKlSWn8HobE/ySVeQvsV2uDRTKlZFiMz o/pKtWMOXBe7KPXkxaXhoig1CFYnmpSpr3PfeeCPuQSm05lPGcN6S6qxDnZFJWUavdpsJ EokLa44m2ILXLC0HIO5YVyykmuEBNyyPMuoGBuiqUzKwppdQ6Yz8zKErI/Xj7vG+oRK/8D 4e771n74cPJtHVuG99fDTSsaFWuwK3kfY9ndR8gWuyERmJrcExHg6w5w3t3Zzh0ho12iXp WKnY5iQa9B+EBmCg+IWROIwVO/MBWNJq2BagS7saHb5ZB0PhsbdmCCyZNs9Y4KhnZNUGV cK2yN8eHsO0ljVssukK7Iil1kdPVtEz+roz4DTJeEI3/nrAiTVOLtES2tOpN0xJJ9jgmbg INfhavsxF3nGaWovhpcGjVKlBDc/mAkm+gmJIeHC4GSlKcKST20Q+YT4wdB3tjYiRPLkSn /fykEKaTDPxDfHdmFAkVIGlUnBviGZwtEC5w/J6DXE+fSi2ipoO1fu1gT71hlpF9S9ysv GVBZK72EpiFYpcOPW+/iQzkDgLjYyia0JB8/7YT+0Tc4RHwtX+oLkKIPnLdJxWmZNlQ7lB NDIpYYjdSiHaY6vtUlqV0NlnotWqmFb6DUDKlZ0huuy3X3EamK0NuEbLeltDFLO7mhrxH4 FeVdVna4j9dNNSRvNRe3mcqVaFnVaO8rx07Paf5WtRfoDsqVJUT/qVoKTImlSqoZQV+c3 /Jo1p6Nd8u9ymWiw36/OjoEAixc/eNavzhbllyTBoReLEXMdDcJ+x+M3NF1tq1bCf0/U/t N0F2fDQRQOoj/D4ODb+V/ooffY+8Z74kXeD96B98o79k495r33/vL+9v7Z+K/3dW+n911N vX9v/syXXuPohf8DMfSG3g==</latexit>
8 > > < > > :
<latexit sha1_base64="L6Hx5aq9ZvSxZlCeIdICwNliQDs="></latexit><latexit sha1_base64="L6Hx5aq9ZvSxZlCeIdICwNliQDs="></latexit><latexit sha1_base64="L6Hx5aq9ZvSxZlCeIdICwNliQDs="></latexit><latexit sha1_base64="L6Hx5aq9ZvSxZlCeIdICwNliQDs="></latexit>
p
<latexit sha1_base64="Ub/8HHRn4UOIB zYLXWEXTXd1NZ0=">AAAHa3icbVXbbtw2EFXS1ptsL0mat6QPcgUXqbMWpHWC5CEIXLiXF KgRF7GdAObCoLizMmGJkkkq3gXB7+hr+1n9iP5Dh9pLVtIKEkCdOTxnZjSSkjLjSkfRv7d uf/b5F1u9O3f7X3719Tf37j/49kwVlWRwyoqskB8SqiDjAk411xl8KCXQPMngfXJ16OLv P4JUvBAnelbCKKep4BPOqEZoRGoFI2Fs++XF/SAKo/rwu4t4sQi8xXF88WDrDRkXrMpBaJ ZRpc7jqNQjQ6XmLAPbJ5WCkrIrmoKpnay/g9DYnxQSL6H9Gm3waK7ULE+QmVN9qdoxB26K nVd68nJkuCgrDYLNjSZV5uvCd4X7Yy6B6WzmU8Yw34pqzINdUkmZxgb1G0appOUlZ1Msg QuWVWMw14xLVnGNkIAbVuQ5FWNDNJVpVVqza8h0Zl5FkA/wer1rrE+o9A+Mv+db/+mr8Nk isg7vbYaf1jIu1GLX8D7CdrCLki9xRSYyN4UlIMbTGXpe39j+DpHQztGuUsVKxzAhV6D9I DYEp8MtiKQirZ+ZCyaS1sGsBl3Y0exq5zweDI27MUFsybbbY4KhXZBUldQK2xe4eXsB0k TNZVema7KikPk8eraMns2jPwNOl4QjfOZvS5BU48gSLa05kXbHkGKBCZqDg1yF6+UnXBQ5 p5k9H44MNkpVEtz8oBNM9BOSQMqFwcnKMoQln9og9gnxg6Hv2tqIEMnTS/1jy4OU0qDPxD fHdtmAMqMM6iYF+4bkCkcLXH9ITq8gKabn9auCbefK3Zpg37pG2iV1r+5lYypLpfcwFUR rC3zl56/vIZ2BEGCNTBNrovD5IBpEtsk54mPhUl+SHCV83iIdZ1XeVOlQTgAbudJwpA7lM CvwsTZJ7WyoLArRshq2hd4yoGJNZ7jJ7QRHFCRflR9vNHynJb1JQMrZJ9oGsV9Bfspqbte R+um6oo3i4nZxhVKtFnVKOyrw07Nef+3WIv0B+apJ8SDuZoKTImlaqYZQV+c3/Jo1p6Od 8u9yZRTuD+qz00CA5YMPnw3qs0X5JU1x6MVyxFxFYTTo9PgdzdbLmivhvydu/2m6i7NhGE dh/GcUHPyw+Avd8R5733tPvNh74R14b7xj79Rj3rX3l/e398/Wf72HvUe97+bU27cWex56 jaO38z/9W4Ky</latexit><latexit sha1_base64="Ub/8HHRn4UOIB zYLXWEXTXd1NZ0=">AAAHa3icbVXbbtw2EFXS1ptsL0mat6QPcgUXqbMWpHWC5CEIXLiXF KgRF7GdAObCoLizMmGJkkkq3gXB7+hr+1n9iP5Dh9pLVtIKEkCdOTxnZjSSkjLjSkfRv7d uf/b5F1u9O3f7X3719Tf37j/49kwVlWRwyoqskB8SqiDjAk411xl8KCXQPMngfXJ16OLv P4JUvBAnelbCKKep4BPOqEZoRGoFI2Fs++XF/SAKo/rwu4t4sQi8xXF88WDrDRkXrMpBaJ ZRpc7jqNQjQ6XmLAPbJ5WCkrIrmoKpnay/g9DYnxQSL6H9Gm3waK7ULE+QmVN9qdoxB26K nVd68nJkuCgrDYLNjSZV5uvCd4X7Yy6B6WzmU8Yw34pqzINdUkmZxgb1G0appOUlZ1Msg QuWVWMw14xLVnGNkIAbVuQ5FWNDNJVpVVqza8h0Zl5FkA/wer1rrE+o9A+Mv+db/+mr8Nk isg7vbYaf1jIu1GLX8D7CdrCLki9xRSYyN4UlIMbTGXpe39j+DpHQztGuUsVKxzAhV6D9I DYEp8MtiKQirZ+ZCyaS1sGsBl3Y0exq5zweDI27MUFsybbbY4KhXZBUldQK2xe4eXsB0k TNZVema7KikPk8eraMns2jPwNOl4QjfOZvS5BU48gSLa05kXbHkGKBCZqDg1yF6+UnXBQ5 p5k9H44MNkpVEtz8oBNM9BOSQMqFwcnKMoQln9og9gnxg6Hv2tqIEMnTS/1jy4OU0qDPxD fHdtmAMqMM6iYF+4bkCkcLXH9ITq8gKabn9auCbefK3Zpg37pG2iV1r+5lYypLpfcwFUR rC3zl56/vIZ2BEGCNTBNrovD5IBpEtsk54mPhUl+SHCV83iIdZ1XeVOlQTgAbudJwpA7lM CvwsTZJ7WyoLArRshq2hd4yoGJNZ7jJ7QRHFCRflR9vNHynJb1JQMrZJ9oGsV9Bfspqbte R+um6oo3i4nZxhVKtFnVKOyrw07Nef+3WIv0B+apJ8SDuZoKTImlaqYZQV+c3/Jo1p6Od 8u9yZRTuD+qz00CA5YMPnw3qs0X5JU1x6MVyxFxFYTTo9PgdzdbLmivhvydu/2m6i7NhGE dh/GcUHPyw+Avd8R5733tPvNh74R14b7xj79Rj3rX3l/e398/Wf72HvUe97+bU27cWex56 jaO38z/9W4Ky</latexit><latexit sha1_base64="Ub/8HHRn4UOIB zYLXWEXTXd1NZ0=">AAAHa3icbVXbbtw2EFXS1ptsL0mat6QPcgUXqbMWpHWC5CEIXLiXF KgRF7GdAObCoLizMmGJkkkq3gXB7+hr+1n9iP5Dh9pLVtIKEkCdOTxnZjSSkjLjSkfRv7d uf/b5F1u9O3f7X3719Tf37j/49kwVlWRwyoqskB8SqiDjAk411xl8KCXQPMngfXJ16OLv P4JUvBAnelbCKKep4BPOqEZoRGoFI2Fs++XF/SAKo/rwu4t4sQi8xXF88WDrDRkXrMpBaJ ZRpc7jqNQjQ6XmLAPbJ5WCkrIrmoKpnay/g9DYnxQSL6H9Gm3waK7ULE+QmVN9qdoxB26K nVd68nJkuCgrDYLNjSZV5uvCd4X7Yy6B6WzmU8Yw34pqzINdUkmZxgb1G0appOUlZ1Msg QuWVWMw14xLVnGNkIAbVuQ5FWNDNJVpVVqza8h0Zl5FkA/wer1rrE+o9A+Mv+db/+mr8Nk isg7vbYaf1jIu1GLX8D7CdrCLki9xRSYyN4UlIMbTGXpe39j+DpHQztGuUsVKxzAhV6D9I DYEp8MtiKQirZ+ZCyaS1sGsBl3Y0exq5zweDI27MUFsybbbY4KhXZBUldQK2xe4eXsB0k TNZVema7KikPk8eraMns2jPwNOl4QjfOZvS5BU48gSLa05kXbHkGKBCZqDg1yF6+UnXBQ5 p5k9H44MNkpVEtz8oBNM9BOSQMqFwcnKMoQln9og9gnxg6Hv2tqIEMnTS/1jy4OU0qDPxD fHdtmAMqMM6iYF+4bkCkcLXH9ITq8gKabn9auCbefK3Zpg37pG2iV1r+5lYypLpfcwFUR rC3zl56/vIZ2BEGCNTBNrovD5IBpEtsk54mPhUl+SHCV83iIdZ1XeVOlQTgAbudJwpA7lM CvwsTZJ7WyoLArRshq2hd4yoGJNZ7jJ7QRHFCRflR9vNHynJb1JQMrZJ9oGsV9Bfspqbte R+um6oo3i4nZxhVKtFnVKOyrw07Nef+3WIv0B+apJ8SDuZoKTImlaqYZQV+c3/Jo1p6Od 8u9yZRTuD+qz00CA5YMPnw3qs0X5JU1x6MVyxFxFYTTo9PgdzdbLmivhvydu/2m6i7NhGE dh/GcUHPyw+Avd8R5733tPvNh74R14b7xj79Rj3rX3l/e398/Wf72HvUe97+bU27cWex56 jaO38z/9W4Ky</latexit><latexit sha1_base64="Ub/8HHRn4UOIB zYLXWEXTXd1NZ0=">AAAHa3icbVXbbtw2EFXS1ptsL0mat6QPcgUXqbMWpHWC5CEIXLiXF KgRF7GdAObCoLizMmGJkkkq3gXB7+hr+1n9iP5Dh9pLVtIKEkCdOTxnZjSSkjLjSkfRv7d uf/b5F1u9O3f7X3719Tf37j/49kwVlWRwyoqskB8SqiDjAk411xl8KCXQPMngfXJ16OLv P4JUvBAnelbCKKep4BPOqEZoRGoFI2Fs++XF/SAKo/rwu4t4sQi8xXF88WDrDRkXrMpBaJ ZRpc7jqNQjQ6XmLAPbJ5WCkrIrmoKpnay/g9DYnxQSL6H9Gm3waK7ULE+QmVN9qdoxB26K nVd68nJkuCgrDYLNjSZV5uvCd4X7Yy6B6WzmU8Yw34pqzINdUkmZxgb1G0appOUlZ1Msg QuWVWMw14xLVnGNkIAbVuQ5FWNDNJVpVVqza8h0Zl5FkA/wer1rrE+o9A+Mv+db/+mr8Nk isg7vbYaf1jIu1GLX8D7CdrCLki9xRSYyN4UlIMbTGXpe39j+DpHQztGuUsVKxzAhV6D9I DYEp8MtiKQirZ+ZCyaS1sGsBl3Y0exq5zweDI27MUFsybbbY4KhXZBUldQK2xe4eXsB0k TNZVema7KikPk8eraMns2jPwNOl4QjfOZvS5BU48gSLa05kXbHkGKBCZqDg1yF6+UnXBQ5 p5k9H44MNkpVEtz8oBNM9BOSQMqFwcnKMoQln9og9gnxg6Hv2tqIEMnTS/1jy4OU0qDPxD fHdtmAMqMM6iYF+4bkCkcLXH9ITq8gKabn9auCbefK3Zpg37pG2iV1r+5lYypLpfcwFUR rC3zl56/vIZ2BEGCNTBNrovD5IBpEtsk54mPhUl+SHCV83iIdZ1XeVOlQTgAbudJwpA7lM CvwsTZJ7WyoLArRshq2hd4yoGJNZ7jJ7QRHFCRflR9vNHynJb1JQMrZJ9oGsV9Bfspqbte R+um6oo3i4nZxhVKtFnVKOyrw07Nef+3WIv0B+apJ8SDuZoKTImlaqYZQV+c3/Jo1p6Od 8u9yZRTuD+qz00CA5YMPnw3qs0X5JU1x6MVyxFxFYTTo9PgdzdbLmivhvydu/2m6i7NhGE dh/GcUHPyw+Avd8R5733tPvNh74R14b7xj79Rj3rX3l/e398/Wf72HvUe97+bU27cWex56 jaO38z/9W4Ky</latexit>8 > > < > > :
<latexit sha1_base64="L6Hx5aq9ZvSxZlCeIdICwNliQDs="></latexit><latexit sha1_base64="L6Hx5aq9ZvSxZlCeIdICwNliQDs="></latexit><latexit sha1_base64="L6Hx5aq9ZvSxZlCeIdICwNliQDs="></latexit><latexit sha1_base64="L6Hx5aq9ZvSxZlCeIdICwNliQDs="></latexit>
Syndrome
<latexit sha1_base64="xMUXK+E/cwsPn 9DfPDmXmELD0ek=">AAAHdXicbVVdb+NEFPUu0CzlqwviCSG5mKLSTYOd7Ip9WEFR+Vgkq i3qx67Uqarx5MYd1Z5xx2OaaDQ/BN54hV/Ev+CNV+7YSTa2YznK+Nzje+49c23HecoLHYb /3Lv/xptvbfQevL35zrvvvf/B1sMPzwtZKgZnTKZSvYppASkXcKa5TuFVroBmcQov45tD F3/5G6iCS3GqZzlcZjQRfMIZ1QhdbX1MqhwmTim7sSczMVYyg6utIByE1eF3F9F8EXz7r1 cdx1cPN56TsWRlBkKzlBbFRRTm+tJQpTlLwW6SsoAcJWgCplK0/g5CY38iFf6E9iu0waNZ UcyyGJkZ1ddFO+bAdbGLUk+eXhou8lKDYLXQpEx9LX1ngT/mCphOZz5lDOstqcY62DVVl Gm0arMhlCiaX3M2xRa4YGk5BnPLuGIl1wgJuGMyy6gYG6KpSsrcmj1DpjPzLISsj79v9oz 1CVX+gfH3fes/ejZ4PI+swvvr4UdVGhdqsSt4hLDt72HKp7giE5UZaQmI8XSGmrd3dnOHK GjXaJelYqdjmJAb0H4QGYJz4hZEUZFUe+aCsaJVMK1AF3Y0u7yzjgdD4y5MEFmy7e4xwd DOSUUZVxm2r/Dm7TlI46JOuxRdSSukyuro+SJ6Xke/B5wuBUe45y9yUFTj6BKtrDlVdscQ OccEzcBBrsPV9mMuZMZpai+GlwaNKkoFbn5QCSZ6l8SQcGFwstIUYcWnNoh8Qvxg6DtbGx GieHKtv2xpkFwZ1Jn45tguDMjx2YLKpGBkSFbgaIHzh2T0BmI5vageFbSdF+7SBCPrjLQ L6n7lZWMq80LvYymIVhL48NeP8SGdgRBgjUpia8LBk37YD22Tc8THwpW+IDnK4EmLdJyWW TNLh3IKaOQyhyN1KIepxG1tktrVUCWlaEkN24leMKBiJc9wndopjigovmw/Wit4ohW9i0G p2WvammQ/gnpdVS3XSfXdbUkbzUXt5mRRtCzqtHYk8dWz2n+l1iL9AtnSpKgfdSvBSVE0 KYtGom6en/Bt1pyOdsk/q6XQYNSvzo6BAIuNHzzuV2eL8kOS4NCLxYi5jgZhv+PxCU1X26 oz4bcnan9puovz4SAaDYa/DoOD3d/d8Yf3wPvE+8zb9SLva+/Ae+4de2ce84z3p/eX9/fG f71Pe5/3vqg/WPfv1f/eR17j6H31P+ZAi5o=</latexit>
faults
<latexit sha1_base64="6z/EQe1lbGy72 Bvg9tUvq9ecoD0=">AAAHc3icbVVNb9tGEGXS1krcjzjNMRc6rAHXkQRSSpAcgtaF+5ECN eIithPAaxjL1YhemFzSu8vawmJ/SHvptf1J/Re99N5ZUlJEUgQFLd88zpt5OyTjIuVKh+E /d+5+9PEnG7179zc//ezzLx5sPfzyVOWlZHDC8jSX72OqIOUCTjTXKbwvJNAsTuFdfHXg 4u9+A6l4Lo71rIDzjCaCTzmjGqGLrUekymHilLIrO6VlqtXFVhAOw+rwu4tovgi+/derjq OLhxuvySRnZQZCs5QqdRaFhT43VGrOUrCbpFRQoABNwFR61t9BaOJPc4k/of0KbfBoptQs i5GZUX2p2jEHroudlXr68txwUZQaBKuFpmXq69x3BvgTLoHpdOZTxrDekmqsg11SSZlGo zYbQomkxSVnt9gCFywtJ2CuGZes5BohATcszzIqJoZoKpOysGbPkNuZeRVC1sffN3vG+oR Kf9/4A9/6T18Nn80jq/BgPfy0SuNCLXYFjxG2/T1M+RJXZCozk1sCYnI7Q83rG7u5QyS0a 7TLUrHTCUzJFWg/iAzBKXELIqlIqj1zwVjSKphWoAs7ml3eWceDkXEXJogs2Xb3mGBk5y RVxlWG7Qu8eXsO0ljVaZeiK2lFLrM6erqIntbR7wGnS8Ih7vmbAiTVOLhES2uOpd0xJJ9j gmbgINfhavsxF3nGaWrPRucGjVKlBDc/qARTvUtiSLgwOFlpirDktzaIfEL8YOQ7WxsRIn lyqb9uaZBCGtSZ+ubILgwo8MmCyqRgbEimcLTA+UMyegVxfntWPSpoO1fu0gRj64y0C+q g8rIxlYXSAywF0UoCH/36IT6gMxACrJFJbE04fN4P+6Ftcg75RLjSFyRHGT5vkY7SMmtm6 VCOAY1c5nCkDuUgzXFbm6R2NVTmuWhJjdqJ3jCgYiXPaJ3aMY4oSL5sP1or+FZLehODlLM PtDXJfgT5oaparpPqu+uSNpqL2s3lSrUs6rR2mOOrZ7X/Sq1F+gWypUlRP+pWgpMiaVKq RqJunp/wbdacjnbJP8ul0HDcr86OgQCLjR8+61dni/JDkuDQi8WIuY6GYb/j8VuarrZVZ8 JvT9T+0nQXp6NhNB6Ofh0F+7u/u+MP75732Hvi7XqR98Lb9157R96Jx7yZ96f3l/f3xn+9 x70nva/qD9bdO/W/98hrHL3B/zZcisQ=</latexit>
:
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FIG. 5. Syndrome faults spread to the data and flip intervals of
flags. The correction algorithm uses the observed flag pattern,
which can be further distorted by flag faults, to infer the
syndrome faults’ approximate locations.
line, so that successive flags cover consecutive intervals
of length 1/(d − 1); then each syndrome fault flips an
interval of length one. The up to t flag faults can further
flip intervals with total length up to td−1 = 1/2.
As shown in Fig. 5, the pattern of triggered flags de-
pends on how the flipped intervals overlap. The correction
algorithm needs to use the observed flags to deduce the
approximate locations of the syndrome faults. It does
not need to determine the exact locations because all
that matters is how the faults propagate to data-qubit
errors, via the upward data CNOTs located at integers on
the line. Also, an even number of syndrome faults with
overlapping intervals, as on the left side of Fig. 5, does
not require any data correction for fault tolerance.
Proof of Lemma 4. We will give an explicit correction
algorithm and then analyze it inductively.
Since a syndrome fault can trigger flags in up to two
consecutive flag rounds, with at least t(t− 1 + 2) + t =
t(t + 2) initial flag rounds, there must be at least one
sequence of at least t consecutive flag rounds in which no
flags are triggered. Call this sequence the “start” rounds.
Furthermore, the correction algorithm can identify start
rounds without knowing the fault locations. (Although
faults can cancel out, they cannot over such a long stretch.
As on the right side of Fig. 5, three syndrome faults cancel
out over a length-one interval, more generally t faults can
cancel out an interval of length at most t/2.) Having
identified the start rounds, the algorithm discards all
flags to their left. (Faults on the syndrome ancilla before
it interacts with the data do not cause any data errors.)
For fault tolerance, it suffices to consider only syndrome
and flag faults; any other fault either can be ignored or is
4equivalent to a syndrome or flag fault. Divide the faults
after the start rounds into three sets: set F of flag faults,
set Sd of syndrome faults flipping exactly d flags, and set
Sd−1 of syndrome faults either flipping d− 1 flags or on
the last round. They satisfy |F |+ |Sd|+ |Sd−1| ≤ t. For
instance, a Y Y fault on a data CNOT is in Sd−1.
Now we specify our correction algorithm, and then
prove that syndrome measurement is d-fault tolerant.
The algorithm will work through the flags from the start
rounds on, from left to right, interpreting one round of d−1
flags at a time. Denote by f1, f2, . . . ∈ {0, 1}2t the rounds
of flags after the start rounds, f` being the flags around
data (or dummy) CNOT `, as in Fig. 6. Let Ω be the
rightmost nontrivial round, and define ε ∈ {0, 1}2t, |ε| = 1
as the rightmost nontrivial flag of fΩ.
m0  02t
for i = 1, 2, . . . ,⌦ do
mi  mi 1   fi
if |mi| > t or (i = ⌦, |mi| = t, |mi   "| > t) then
mi  mi   12t
Apply X to data CNOT targets from i onwards
corner-case fix
The algorithm deals with each round in the same way
except round Ω. When i = Ω and |mi| = t, the corner-case
fix effectively flips the rightmost nontrivial flag ε.
The proof proceeds by incorporating faults one at a
time but with Ω and ε fixed. We compare the algorithm’s
behavior before and after each fault is incorporated. For
fault tolerance, we argue that the residual data errors
after the corrections never outnumber the current faults.
Split each fault in Sd into a d− 1 bit syndrome fault,
plus one extra flag fault at the end. That is, define F to
be the union of F and the rightmost bits from Sd, and let
S be the union of Sd−1 and remaining parts of Sd. (Thus,
|F | = |F |+ |Sd|, |S| = |Sd−1|+ |Sd|.)
For the base case, we consider all the faults in F with
no data errors. Define r1, . . . , rΩ ∈ {0, 1}2t as the flag
patterns flipped by faults in F . In subsequent inductive
steps, we add faults in S, from left to right, one at a
time. Suppose the added fault s occurs between data
CNOTs ` and `+ 1, causing data errors P`X`+1X`+2 · · ·
for some P ∈ {I,X, Y, Z}. We will prove, by induction
in s, that for all i ≥ ` + 1, the value of mi when the
algorithm finishes satisfies mi =
⊕i
j=1 rj . (For the base
case, set ` = 0.)
Consider the base case of faults in F . Then fi = ri. We
claim that mi =
⊕i
j=1 rj . This is clear since
∣∣⊕i
j=1 rj
∣∣ ≤
|F | ≤ t and so corrections are never triggered except
possibly at round Ω. If |mΩ−1 ⊕ rΩ| = t, then necessarily
Sd−1 = ∅ and the flag ε is attributed to the rightmost
fault in F . In particular, |mΩ⊕ε| = t−1. Therefore, |mi|
or |mΩ ⊕ ε| never exceeds t, and the algorithm applies no
corrections, as desired.
Now consider adding a syndrome fault s ∈ S, between
data CNOTs ` and ` + 1. Define f̂i and m̂i as the pa-
f`+1  bf`+1=110000
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` `+ 1 `+ 2
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FIG. 6. If d = 7, s ∈ S flips six flags in f` and f`+1.
rameters of the algorithm (when finished) in the previous
induction step, without s. (See Fig. 6 for an example.)
With s added, the algorithm’s behavior does not change
until i = `. (Recall that Ω and ε are fixed.) Beyond `,
the following observation will essentially finish the proof.
Observation. In exactly one of the two rounds i = ` and
`+ 1 the algorithm changes its behavior: either applying
the correction when it did not before, or vice versa. The
algorithm’s behavior remains unchanged for i ≥ `+ 2.
Since s flips 2t flags, we have(
f̂` ⊕ f`
)⊕ (f̂`+1 ⊕ f`+1) = 12t . (1)
Note that m` ⊕ m`−1 ⊕ f` ∈ {12t, 02t}, depending on
whether in round `, X data corrections are applied or not.
To show the observation, we consider all possible scenarios.
1. m̂` ⊕ m̂`−1 ⊕ f̂` 6= m` ⊕m`−1 ⊕ f`, i.e., the correction
behavior changes at round `. Since m̂`−1 = m`−1,
we have m̂` ⊕ f̂` ⊕ m` ⊕ f` = 12t. Adding Eq. (1),
m` ⊕ f`+1 = m̂` ⊕ f̂`+1, and the algorithm’s behavior
does not change from round ` + 1 on. In particular,
for i ≥ `+ 1, still mi = m̂i =
⊕i
j=1 rj . The change of
corrections X`X`+1 · · · leaves at most one data error
P`X`, as desired.
2. m̂` ⊕ m̂`−1 ⊕ f̂` = m` ⊕m`−1 ⊕ f`, i.e., the correction
behavior does not change at round `. Adding m̂`−1 =
m`−1 and Eq. (1) gives
(
m̂`⊕ f̂`+1
)⊕(m`⊕f`+1) = 12t.
We claim the correction behavior changes at round `+1,
and so the change of corrections X`+1X`+2 · · · leaves
at most one data error P`, as desired.
(a)
∣∣m̂` ⊕ f̂`+1∣∣ 6= t. Then one of the terms m̂` ⊕ f̂`+1
and m`⊕f`+1 has weight > t and the other < t. The
correction behavior changes in round `+1. Thus, we
have m̂`+1⊕m`+1 = (m̂`⊕f̂`+1)⊕(m`⊕f`+1)⊕12t =
02t and so mi = m̂i =
⊕i
j=1 rj for i ≥ `+ 1.
(b)
∣∣m̂` ⊕ f̂`+1∣∣ = t. Then |m̂`+1| = t. Then since
m̂`+1 =
⊕`+1
j=1 rj and
∣∣⊕`+1
j=1 rj
∣∣ ≤ |F |, we have
Sd−1 = ∅. Therefore, ` + 1 = Ω and the corner-
case fix is triggered in round `+ 1, both with and
without s. Since
(
m̂` ⊕ f̂`+1
) ⊕ (m` ⊕ f`+1) = 12t
and |ε| = 1, { |ε⊕m` ⊕ f`+1| , ∣∣ε ⊕ m̂` ⊕ f̂`+1∣∣} =
{t− 1, t+ 1}. As one of the terms has weight > t,
the correction behavior changes in round `+ 1.
5When s occurs after the last data CNOT, it can flip fewer
than 2t flags—but since it causes no data errors, it can
be ignored.
Note that when the algorithm finishes |mΩ| is a lower
bound of the number of faults that have occurred in the
syndrome-measurement circuit. This information, com-
bined with the measured syndrome, can be used to reduce
the number of repetitions of syndrome measurements in
a d-FT error-correction protocol [Sho96, Zal97, CB18].
Intuitively, it seems that our protocol might be optimal
in the required number of ancilla qubits. Consider a gen-
eral flag error-correction protocol that applies to arbitrary
stabilizer codes. In particular, if the number of ancillas
consumed is independent of the stabilizer weight w, then
when w  d there exists an ancilla α coupled via CNOTs
with a subset of  d relevant data qubits. A fault on
α can result in disastrous correlated errors. Hence the
flags triggered by such a fault, corrupted by up to t− 1
flag faults, should be distinguishable from a flag pattern
with t flag faults. Thus α should be protected by at least
(t−1)+ t+1 = d−1 flags. The number of flags protecting
α changes by one at a time, so in order to keep at least
d− 1 flags on it, at some time it is protected by d flags.
In total, counting α, at least d+ 1 ancillas are needed.
An open problem is to reduce or even remove the initial
flag rounds while remaining d-FT, as in Conjecture 3.
This might require drastically different correction rules.
It would also be interesting to optimize our circuit con-
struction and correction rules for specific code families,
and qubit geometry and connectivity constraints.
Research supported by NSF grant CCF-1254119, ARO
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Appendix A: Computer search for correction rules
Given an arbitrary flag circuit that measures a stabilizer
generator of a specific code, it is generally difficult to
tell whether there exist correction rules to achieve fault
tolerance. The pseudocode below runs a brute-force search
for d-FT correction rules, given a flag circuit C as input.
Again, the stabilizer is taken to be X⊗w, without loss of
generality.
In the pseudocode, flag and error denote the flag
pattern and data error pattern resulting from a set of
circuit faults, respectively.
Recall that C consists of only one syndrome ancilla,
possibly multiple flag ancillas, and only CNOT gates.
Any relevant fault in C is equivalent to some element
of F , except for two-qubit faults on data CNOTs, with
X on the control and P ∈ {I,X, Y, Z} on the target—we
account for them with the subset F∗.
D is a dictionary whose keys are possible flag patterns
generated by combinations of at most t faults. For each
key, we collect all possible afflicting fault combinations.
There exist d-FT correction rules if and only if for each
key-value pair (k, v) ∈ D there exist consistent corrections
for fault combinations in v.
Specifically, for each F ∈ v, SF contains all the valid X
data corrections for F , in form of binary strings. Indeed,
Q = [w] \ Q contains all the data qubits whose errors are
unknown Paulis, thus corrections on Q can be arbitrary.
However, corrections on Q should remove sufficient errors
so that the residual data error EQ has weight no greater
than |F \ F∗|.
Conditioned on success, the code returns a set R of
valid correction rules indexed by the observed flag pattern.
Input: t, C
Let: F = set of faults in C consisting of
• X faults just before every data or flag CNOT control
• X faults on every flag measurement
Let: F⇤ ✓ F be the faults before the data CNOT controls
D   (k, v)    v = {F ✓ F | flag(F ) = k, |F |  t} 
R ?
for (k, v) in D
for F in v
Q {data qubits not targeted by CNOTs in F \ F⇤}
SF  {error(F )  E
   E 2 {0, 1}w, |EQ|  |F \ F⇤|}
R[k] TF2v SF
if R[k] = ?
return Fail
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